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A GOOD UNIVERSAL WEIGHT EOR NONCONVENTIONAL ERGODIC AVERAGES IN NORM 


IDRIS ASSANI AND RYO MOORE 

Abstract. We will show that the sequence appearing in the double recurrence theorem is a good universal 
weight for the Furstenberg averages. That is, given a system (X,T,}i,T) and bounded functions/i ,/2 6 
there exists a set of full-measure ™ ^ independent of integers a and b and a positive integer k 

such that for all x and for every other measure-preserving system {Y,G,v,S), and each bounded and 

measurable function gi,... ,gi^ 6 L“(v), the averages 

^ LMT"’'^)MT'’-x)g, o S-g 2 oS^^-g^o 

converge in L^(v). 


1. Introduction 

1.1. Background. 

1.1.1. Good universal iveights. In some literatures (e.g. IS) Definitions 3.1-3.3]), the sequence {a„) is called 
a good universal weight for the pointivise ergodic theorem if for any probability measure preserving system 
(y, G,v,S) and any g G L“(v), the averages 

(1) i E ‘^ng{S"y) 

n—0 

converge for v-a.e. y G Y- Similarly, the sequence {a„) is called a good universal weight for the mean ergodic 
theorem if the averages in ([1]) converge in L^{v). 

In this paper, we will extend these classical notions of good universal weights to discuss the case where 
the sequence igoS'^)n in ([T|) is replaced by other sequences of bounded and measurable functions (X„)„. 

Definition 1.1. We say (X„)„ is a process if for all nonnegative integers n > 0, X„ is a bounded and measurable 
function on some probability measure space (0,5, P). 

For instance, a sequence of bounded and measurable fimctions {X„)„ = {go S")n for any g G L°°(v) 
on any probability measure-preserving system {Y,Q,v,S) is a process. Another process {X„)„ of our 
interest is a product of multiple functions each iterated by different powers of a measure-preserving 
transformation, such as 

^n{y) = gi{S"y)g2{S^''y) ■ ■■gk{s’'"y), 

for any positive integer k, where gi,g 2 , ••• ,gk ^ L^{v) on any measure-preserving system {Y,Q,v,S). 
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Definition 1.2. We denote by 

f 1 ^ 1 

Ml = < (fl„) : sup — ^ |a„I < 00 ^ . 

[ N n=l j 

• We say a sequence (a„ ) G Mi is a good universal weight for (X„ ) „ (a.e.) pointwise if for any probability 
measure space {C1,S,'F) for which the process {X„)„ is defined, the averages 

-r N 

-J^anXnicv) 

n—1 

converge for P-fl.e. a; G H. 

• We say a sequence {an) G Mi is a good universal weight for (X„)„ in norm if for any probability 
measure space (Q, 5, P) for which the process {X„)„ is defined, the averages 

^ N 

— a„Xn{(v) 
n—1 

converge in L^(P) 

For example, if {a„)„ is a good universal weight for the process {X„)„ = (go S")„ pointwise (resp. in 
norm) for any g G (v), where (Y, Q,v,S) is any probability measure-preserving system, then (fln)n is a 
good universal weight for the pointwise ergodic theorem (resp. the mean ergodic theorem) in the classical 
sense. 

1.1.2. History of the return times theorem. The studies of the return times theorem have shown that we 
can randomly generate good universal weights. The basic principle of the return times theorem that 
has been initially studied by A. Brunei in his Ph.D. thesis in 1966 IITSi is as follows: Given a process 
Xn{co) converging in average (in norm or pointwise) and the characteristic function of a measurable set 
with positive measure, 1 , 4 , do we still have the convergence of the averages along the subsequence given 
by the return times of to the set A? In other words, is the sequence (l, 4 (T”x))„ a good universal 
weight (in norm or pointwise) for the averages of l, 4 (T”x)X„(a;)? In 1969, A. Brunei and M. Keane 
answered this question positively for a particular class of dynamical systems for both pointwise and norm 
convergence (T6|. KrengeTs book highlights some of the generalization of their work l22l . 

One of the important results in ergodic theory is the proof of return times theorem by J. Bourgain fT2ll , 
which was later simplified by J. Bourgain, H. Furstenberg, Y. Katznelson, and D. Ornstein (a.k.a. the 
"BFKO" argument) H4l . This result strengthens Birkhoff's pointwise ergodic theorem and generalizes the 
above-mentioned results on return times. 

Theorem 1.3 (Bourgain's Return Times Theorem). Let (X, T, }i, T) be a probability measure-preserving system 
and f G L°°{}i). Then there exists a set Xy- c X of full measure such that for any other probability measure¬ 
preserving system (Y, G,v,S) and any g G L°°{v), 

1 N 

n—1 
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converges v-almost everywhere for all x G X^. 

While the set of full-measure Xf depends on the function / and the transformation T, it is independent 
of every other ergodic system. In terms of Definition 11.21 Bourgain has shown that for y-a.e. x G X, the 
sequence = f{T^x) is a good universal weight for {X„)„ = (go S")n pointwise, where g G L°°(v) for 
any measure-preserving system (Y, Q,v,S). 

1.1.3. Extensions of the return times theorem. Much of the background, historical development, and current 
status of the return times can be found in the survey paper prepared by the first author and K. Presser IflOl . 
Here, we will focus on discussing some of the developments on the return times theorem regarding mixing 
of multiple recurrence and multi-term return times problems. Some new results that appeared since the 
emergence of the survey paper are mentioned as well. 

Since the result of Bourgain emerged, the return times theorem has been extended in multiple direction. 
One way is to find a new universal weight in which the return-times averages converge. For instance, the 
first author shows in Proposition 5.3 of O that if (X,J-,fi,T) is a weakly-mixing, standard uniquely 
ergodic system with Lebesgue spectrum, and / G C(X), then (/(T”x)) is a good universal weight for the 
pointwise ergodic theorem/or all x G X. Recently, P. Zorin-Kranich armounced the extension of Bourgain's 
return times theorem by showing that the double recurrence sequence is a good universal weight for the 
pointwise ergodic theorem for y-a.e. x G X Il28l . 

The return times theorem has also been extended to averages with more than two terms. One example 
of such is the multiterm return times theorem that was obtained by D. Rudolph in 1998 Il25l , which answers 
one of the questions raised by the first author in 1991. Rudolph's proof utilized the method of joinings and 
fully generic sequences, while the method of factor decomposition was absent, which was one of the key 
tools in the BFKO argument of the return times theorem. Later, the first author and K. Presser identified 
characteristic factors for the multiterm return times theorem 118191 . Furthermore, P. Zorin-Kranich provided 
a different proof of the multiterm return times theorem based on these factor structures, and showed that 
multiterm return times averages can be extended to Wiener-Wintner type averages with nilsequences Il27l . 
Also, T. Eisner m showed the convergence of Wiener-Wintner type averages for multiterm return times 
theorem with linear sequences. 

In another direction, the return times theorem has been extended by mixing weights from the a.e. 
multiple recurrence and the multiterm return times theorem. This idea was introduced by the first author 
in 1998, in which he proved the following: 

Theorem 1.4 ( 121 Theorem 3]). Let (X, iF, y, T) be a weakly mixing dynamical system such that for all positive 
integers H,for all /i,/ 2 , • • -/h G (^ 1 / ^ 2 / • • • / ^h) G where bi distinct and not equal to zero, the 

N / H \ H „ 

M E n/.G*"' x) I converges a.e. to fidy. 

,1=1 \i=i / i=i-' 


sequence 
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Then there exists a set of full measure X' for any other weakly mixing system (Yi, vj) and any gi G L^{vi), 

there exists a set of full measure in such that if yi G Yg^, then . . . for any other weakly mixing system 
and any G there exists a set of full measure Yg^_^ in Yj-_i such that if 

i/jt-i £ then for any other weakly mixing system (Yj-, the sequence 

l,n{x,yx,yi,...,yf)= (^fi{T’'’’'x)^ (llSjiS’jyj) 
is a good universal weight for the pointwise ergodic theorem for vj^-a.e. j/j- G Yj^. 


For instance, if {X,J-,y,T) is a weakly mixing system for which the restriction of T to its Pinsker 
algebra has singular spectrum, then the hypothesis of the theorem above holds. This result was proven by 
the first author in 1998 m- 

In terms of Definition 11.21 Theorem 11.41 says that for k = 1, there exists a set of full-measure Yg^ c Yi 
such that for all yi G Yi, the sequence {Y[iLifi{T^‘"x))n is a good universal weight for y-a.e. x G X for 
the process X„(z) = Xn\\)i,gi,Si\{z) = gi{S”yi)h{R"z) pointwise, for any measure-preserving system 
(Z, Z, i], R) and a function h G (i/). 

In 2009, B. Host and B. Kra showed in 1211 that given an ergodic system {X,J^,y,T) and / G L°°{y), 
the sequence {f{T"x)) is a good universal weight for y-a.e. x G X for the convergence in L^-norm of the 
Furstenberg averages, i.e. they have shown that there exists a set of full-measure X' c X such that for 
any x G X' and any other measure-preserving system (Y, 0,v, S) with functions gi,... ,gj( G the 

averages 


1 N k 

( 2 ) TrLfiT”x)YlgioS"\ 

n=l 1=1 

converge in T^(v). In particular, if / = 1,4 for some measurable set A G then they have shown that the 
averages of the sequence (nf=i along the subsequence of the return times of T”x to the set A 

converge in L^(v)-norm. In the language of Definition 11.21 for y-a.e. x G X, the sequence {f{T"x)) is a 
good universal weight for (X„)„ in norm, where (X„)„ is a process of the form 
/ k \ 


(3) (x„)„ = for any gi,---,gk G on any m.p.s. (Y, Q,v,S), for any k >1. 

This result extends their earlier work in m, where they proved the result for f = lx- To show this result, 
they used the machinery of nilsequences (see I11II21I for more background on nilsequences); they showed 
that if a bounded sequence (fln)n G has a property that the Cesaro averages of flnf’n converge for any 
k-step nilsequence {hn)n, then (fln)n is a good universal weight for k-term multiple recurrent averages in 
the L^-norm. Then the convergence of the averages in (|2|) follows from the fact that there exists a set 
of full-measure X' so that for any x G X' and any nilsequence the Cesaro averages of f{T^x)b„ 

converge; this is referred to as the generalized Wiener-Wintner theorem. Later, in the work of T. Eisner 
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and P. Zorin-Kranich, the generalized Wiener-Wintner theorem was extended to any measure-preserving 
system (with not necessarily ergodic transformation) with uniform counferpart, and used fhis fo exfend 
the result to a case with pol 5 momial actions IfTSl . 

1.2. The main theorem. In this paper, we will prove the following: 

Theorem 1.5 (The main resulf). Let be a probability measure-preserving system, with functions 

fhfi £ Then for y-a.e. x G X, the sequence u„ = (/i(T®”x)/ 2 (T^”x))„ is a good universal weight for 

a k-term Furstenberg averages in norm for any positive integer k. More precisely, there exists a set of full-measure 
^fi,f 2 C X such that for any x £ ^fi,f 2 ' £ Z and any positive integer k > 1, and any other probability 

measure-preserving system {Y,Q,v,S) with gi,.. £ L°°(v), the averages 

-r N k 

-^/i(T-x)/2(T^”x)n^ioS- 

n=l !=1 

converge in L^(v). 

In particular, if /j = and /2 = Ig for some measurable sets A,B £ F with positive measures, then 
we see that the averages of fhe sequence (nf=iS^i(S'”i/))n along the subsequence of fhe return times of 
to the set A and to the set B converge in L^(i/)-norm. This theorem mixes the weights from 
the a.e. double recurrent convergence result and the norm convergence of the multiple recurrent theorem. 
In terms of Definition 11.21 we show that for y-a.e. x £ X, fhe sequence (/i(T“”x)/ 2 (T^”x))n is a good 
universal weight for fhe process {Xn)n of fhe form in (|3| in norm. Note that this theorem generalizes the 
result obtained by B. Host and B. Kra, since if a = 1 and /2 = Ix/ fhen the averages in the theorem become 
the averages seen in (|2() . 

The Cesaro averages of fhe sequence (/i(T“”x)/ 2 (T*’”x))„ is known to converge for y-a.e. x G X by 
Bourgain's double recurrence theorem [13). It was recently extended to a Wiener-Wintner result [3, and 
further to a pol 5 momial Wiener-Wintner result {T). Note that the case A: = 1 of fhe main result follows 
immediately from fhis Wiener-Winfner result. In fact, we will show that this is the key step required to 
establish the "base case" of our inductive argument in the proof. 

In the proof, we will assume fhat fhe systems (X, iF,y,T) and (Y, Q,v,S) are ergodic, since we can apply 
the ergodic decomposition to show that the result holds for general measure-preserving systems. To prove 
the main result for k > 2, we will firsf decompose the functions /i and /2 into an appropriate characteristic 
factor of (X, T, y, T), and freaf the cases when either fi or /2 belongs to the orthogonal complement of this 
factor, or the case when both of fhem belong to the factor. For the first case, we will prove it by induction 
on k. We will show that the case k = 2 follows from fhe fact that the theorem holds for the case k = 1; 
to do so, we will show that the L^(v)-norm limit of the averages can be controlled by the limit of the 
double recurrence Wiener-Wintner averages. We will also show that the case k = 3 follows from fhe case 
k = 2 to demonstrate the inductive step necessary to prove this for any A: G IN. For the second case, we 
will decompose the functions gi,...,gk into an appropriate characteristic factor, and treat the sub-cases 
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when either one of gi, belongs to the orthogonal complement of this factor, and when all of them 
belong to the factor separately. For the first sub-case, we will control the norm limit of the averages with 
a seminorm that characterizes this factor, and uses this to show that the norm averages converge to 0. For 
the second sub-case, we will use the structure of nilmanifolds and Leibman's convergence result Ell to 
prove the claim. 

The factors we use are the Host-Kra-Ziegler factors II201I26I . Throughout this paper, we denote Z}^{T) 
to be the fc-th Host-Kra-Ziegler factor of (X, T), which is characterized by the k -|- 1-th Gowers-Host-Kra 
seminorm |||•|||J._|_]^ I19U20I . Using the language of these factors. Theorem 11.51 can be shown by proving the 
following: 

Theorem 1.6. Let }i,T) be an ergodic system, and /i ,/2 e such that < 1/or both i = 1,2. 

Fix a positive integer k >1. Then the following statements are true. 

(a) Suppose either /i ,/2 G Then there exists a set of full-measure G X such that for any 

X 6 X, any other measure-preserving system {Y,Q,v,S), and functions gi,g2/ ■ ■ ■ >Sk G T°°(v) where 
II^/IIl“(v) — 1 < j < fhe averages 

1 N k 

( 4 ) ^LhiT^’'^)f2iT'’"x)YlgjoSi- 

n=l i=l 

converge to 0 in L^(v). 

(b) For any firfi £ there exists a set of full-measure Xj- such that for any x e X and any other ergodic 

system (Y, Q, v, S), and functions gi,...,gk £ L°°(i/) with one of them belonging to Zk{S)-^, the averages 
in dH converge to 0 in L^(v). 

(c) Suppose both /i ,/2 G Z'j-+i(T). Then there exists a set of full-measure X[ G X such that for any x G X', 
and for any other ergodic system {Y,Q,v,S) and functions gi,.. .,gk G L°°(v) n Zj-(S), the averages in 
dH) converge in L^(v). 

Proof that Theorem II.61 implies Theorem \1.5\ Fix a positive integer k > 1. Let /' = fi -E{fi\Zk+i) for i = 1,2. 
We rewrite the averages in dl|) as follows: 

( 5 ) 

n=l j=l 

n=l j=l 

1 N-1 k 

n=0 j=l 

+ 4 E /{(T“x)E(/2|Z,+0(T'”x) O S/" 

^ n=l j=l 
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n=l j=l 

We know that, by Theorem ll.6r ah there exists a universal set of full-measure Xjt such that for all x e Xfc, 
the last three averages of the right hand side of (jS]) converge to 0 in L^{v). And by Theorem II. 61 b-cl. the 
first averages also converge in L^{v) for all x G X[. So if we set 

X/,,/„fc = XfcnXfcnx', 


then is a set full-measure that only depends on fi, f 2 , the transformation T, and the positive integer 

k, since it is a finite intersection of the sets of full-measure, each only depending on the functions /i, / 2 , 

and the transformation T. Thus, for any x G ci,b G Z, and any other ergodic system {Y,Q,v,S) 

with frmctions gi, ■ ■ - /gk G the averages in (j4]) converge in L^(t/). This implies that the set 

OO 

= n 

k=l 

is a set of full-measure that only depends on the functions /i, / 2 , and the transformation T, and this is 
indeed the desired universal set for Theorem 1 1.5 1 □ 

l. 3. Organization of the paper. In ^ we will prove (a) of Theorem ll.61 which treats the case where either 
/i or fi belongs to the orthogonal complement of the appropriate factor of (X, T). The case where /i and 
/2 both belong to the appropriate factor is discussed in ^ where we first look at the case where either 
one of the functions gi,---,gk belongs to the orthogonal complement of the appropriate factor of (Y, S) 
(which corresponds to (b) of Theorem ll.6b . and the case all of them belong to the appropriate factor (which 
corresponds to (c) of Theorem 1 1.6b . 

1.4. Acknowledgment. We thank the anonymous referee for his/her comments. 


2. The case where either /i or /2 belongs to Zk + i { T )-^ (Proof of (a) of THEOREM ll.6b 


The idea of the proof is as follows: We will first prove the statement for the case k = 2. We first identify 
the set of full-measure for which the averages in (j4l) converges to 0; the fact that this is indeed a set of 
full-measure can be shown by using Patou's lemma and the following inequality obtained in (Q: 

2 


( 6 ) 


/ limsupsup 

N—^oo 


N-1 


- Y : /i(T-x)/2(T^”x)c 




n—0 


dji{x) 


< 


a,b mm 
!= 1,2 


nils- 


The key observation of the proof is the fact that S is a measure-preserving transformation allows us to 
bound the L^(v)-norm of the averages by the double recurrence Wiener-Wintner averages; to do so, we 
apply van der Corput's lemma l23ll . Holder's inequality, and the spectral theorem. This allows us to show 
that the averages in ([4]) indeed converge to 0 when k = 2 for this set of full-measure. 
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Then we will proceed for the case A: = 3 to demonstrate that the claim can be proven inductively for the 
case k > 2. Again we start by identifying the set of full-measure. To show that the averages converge to 0 
on this set, we rely on the result obtained for the case k = 2. 

Before we prove this part of the theorem, we will prove this for the case where A: = 2,3 to demonstrate 
the inductive step for simple cases. For the case k = 2, we would like to show that 


(7) 

Consider a set 

( 8 ) 


lim sup 

N—)-oo 


N 




N 


n—1 


= 0 . 


C(v) 


X2 = 


H 


e X : lim inf — lim sup sup 

H—>00 \ H -- — 


/2—2 AT—^ 00 f € ]R 


N -/2 


^ E /i • /i ° ■ h ° 


N 


n=l 


1/2 


= 0 


First we show that X 2 is a set of full-measure. To do so, we apply Fatou's lemma and the inequality ([ 6 ]) to 
obtain 

2\ 1/2 


f lim inf ( E lim sup sup 
[ 1 ^ f 

lim inf tj E / lim sup sup 
H->oo I H J jgjj 


N-h 


E /i ■ /i ° ■ /2 o 


< 


< , 
r^a.b 


n—1 
1 N-h 


d}i 


TJ E /i ■ /i ° ■ /2 o 


N 


n=l 


1/2 


dji 


H 


H 


1/8 


min lim inf — f; • f; o T” < min I lim inf — fi ■ ft ° T‘ 
1 = 1,2 H^co H 2! 3 - 1 = 1,2 I H^oo H 


= mm 
1=1,2 


i||l4' 


Since either fi or /2 belongs to Z 3 {T)^, either III/ 1 III 4 or |||/ 2 |il 4 equals zero. This shows that /i(X 2 ) = 1. 
Now we claim dZl) holds for all x £ X 2 - In fact, we show that for any 1 < H < N, we have 

2 


N 


N 


E/i(T-x)/2(T^”x)yioS”^2oS2” 


)i=i 


C(v) 


H 


(9) 


^ ^ E Slip 


;,=i teR 


N-h 


TJ E /i ■ /i ° T^’'{T""x)f2 ■ fi o 


N 


11=1 


1/2 


To do so, we proceed with van der Corput's lemma; using the fact that S is a measure preserving trans¬ 
formation, we obtain 

2 


1 


N 


^E/i(^“^)/2(^'”^)Yi°S"y2oS2” 


N 


n—1 


C(v) 


2 4 


H 


- H + 


h=l 


I I EVl ■ /l ° ■ fl o T“(T'"x) to ■ yi o s'*) o S'* to ■ ^2 o S^") o s^^dv 

■’ n=l 
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2 4 

H^H 


2 4 


H 


h=l 

H 


I 4 E'/l ■ /l ° ■ fl o o S^){g 2 ■ ^2 o O S"dv 

n=l 


< —^— y 

- H H ^ 


h=l 


N 


^ E /l • /l ° T‘‘\T‘‘”x)f2 ■ f2 o y\y”x){g2 ■ ^2 o S^") o S” 


N 


n=l 


< 


16 

H ' \ H 


H 


Ii=l 


N 


(by Holder's inequality) 

H(v) 

2 \ 1/2 


E /l -/l o r''(T-x )/2 ■ /2 o T^''(T^'^x )(^2 ■ ^2 o o S” 


N 


n=l 


L^{v 


where the last inequality follows from fhe Cauchy-Schwarz inequalify. We apply fhe spectral theorem to 
the square of the L^(v)-norm in the last line to obtain 

2 


N 


E /l • /l ° T‘’\n)f 2 ■ f 2 o y^y'^x) {g 2 ■ ^2 o S2^) 


n—1 


L 2 (v) 


/ 


N 


E /i • /i o r'‘(r”x)/2 ■ /2 O 


N 


n—1 


da, 


gTg2°S'^’' 


(f) 


< sup 
feR 


N 


E /i ■ /i o r''(r"x)/2 ■ /2 o 


N 




which tells us that dU holds. Thus, if x G X^, and we let N ^ oo (and consequently H —?■ oo) in 
obtain 

2 


we 


lim sup 

N—loo 


N 


^ y /i(T-x)/ 2 (T^”x)gi o S ”^2 o 


N 


n=l 


1 


H(v) 


H 


^a,b lim inf 77 E lim sup sup 

' H—>00 ti -- - 


h=l N^oo feR 


N-h 


E /l • /l o r''(r”x )/2 ■ /2 o T^h^jhn^ylnint 


N 


n=l 


1/2 


= 0 . 


This proves the case for k = 2. Now we show that the holds for the case k = 3 using the fact that the 
convergence to 0 holds for k = 2. We let = fi' fi° and F 2 ,hj = fi' f 2 ° . Then we set 

f / 1 1 "2 

X 3 = < X G X : lim inf I — y lim inf — y 

^ I 1 r-T, ^ r-T, ^ 


H1-S.00 \ Hi ^ , H2^oo H2 


lim sup sup 

N—>-oo fGiR 


1 N 

^ E • 1 ^ 1/4 ° T«'' 2 (T-x)F 2 ,,^ ■ F 2 ,,^ o T^h^jbn^ynint 


N 


n=l 


1/4 


= 0 


We first show that X 3 is a set of full-measure. To see fhat, we apply Patou's lemma twice to interchange 
the integral and the lim inf's. Holder's inequality, the inequality (0, and the Cauchy-Schwarz inequality 
multiple times to obtain 



Hi 

E 




lim inf —— 
H 2 ^oo H 2 


Hi 

E 


/l 2 — 1 
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lim sup sup 

N-loo tgR 


-I N 

E ■ hh ° T“'’2(T-x)F2,,^ ■ F2,h, o 


«=i 


2 \ 1/4 

d}i{x) 


/ 1 Hi 1 H 2 

< liminf — r liminf — V 

Hl-s-oo Hz^CO H2 


/ lim sup sup 
N —^00 f 6 lR 


N 


E ^Ui ■ ^F/^i ° T‘^^^{T^"x)F2,h, ■ F2,h, o T^^^{T^^x)e 


,27Tint 


( \ I H 2 

^«u«2 liminf TT E TT ^ ° 

Hi^-oo \ H-i Hz^oo Wo !=1,2 


n=l 

Hi -I H 2 

. _ r 

Hl^-oo yHi Hz^oo H 2 ;j2 = l' = 

1 Hj / 1 H 2 

< liminf I — r liminf— V min 

Hi -100 ^ Hi H 2 ^~ H 2 ii^i*=l,2 

Hi . 4 

4 


1/4 


d}i{x) 


1/4 


(where fli = a, a 2 = b) 


<„i,„2 liminf ( ^ E min fi ■ fi o 

Hi^-oo y Hi 1=1,2 


1/4N 


1/4 


F; ■ F . O 


1/4 


Hi 


< 


liminf ^ Emin /r/ior-'^i 

Hi -100 \ Hi ^ , ;= 1,2 


1/16 


,.fli,fl 2 III/! 1115' 


and since either /i or /2 belongs to Z^{T)^, either III/ 1 III 5 or III/ 2 III 5 equals zero. Hence, we know that X 3 
is a set of full-measure. 

Now we will show that the averages converge to 0 when x G X 3 . To do so, we wish to show that 

2 


N 


N 


E/l(T-x)/2(T'"x)n^;oSl" 


n—1 


/=1 


H(V) 


< J_ 

Hi + Ui ih ^ 2 ^ 


16 


H 2-1 


H E sup 

442 tGR 


^ E ■ 1^1/!! ° T«^2(T-x)F2,,ii ■ F2,,ii o T^h.^T^n^ylnint 


N 


n=l 


1/4 


Indeed, we apply van der Corput's lemma and the Cauchy-Schwarz inequality to show that 

2 


N 


-E/l(T“"x)/2(T^”x)n^;oS/” 


n=l 


2 4 


H 


^ TT + TT E 

ffl ffl 1 !=! 

_ 2 4 ^ 


/=! 
N-hi 


L'^{v 


/ -j i\— 

^ E /l • /l ° (T-x)/ 2 ■ /2 O (T^'^x) Hte; ■ o ) O S/”dv 

n=l i=l 


;=i 

3 


. 1 N-^i 3 

/ M E fi-fiorHT^’'x)f2-f2oT>’^^{T^-x)U{grSi°si’^^)°s^i-^'>'^dv 

■’ n=l j=l 
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Hi 


- Hi + Hi £ 


1 N-h 3 

^ E /i • /i ° ■ /2 ° n(^/ ■ Si ° ) ° 


n—1 j—2 

We can now apply the inequality (|9|) and the Cauchy-Schwarz inequality to obtain 


1/2 


LHv) 


N 


N 


E/i(^‘"'^)/2(^'"^)n^;°S^" 


n—l 


/=i 


L^{v 


< h — + (— y^ ^ 

r^a,b 7U ~ I 7U 


Hi 

H, 


H 


1 1 ( 1=1 


Ho 


1 ^2 

W ^ 

^2 ft2=i feR 


^ E ''fUi • fUl ° T^’^HT"”x)F 2 ,h, ■ o T^h,^T^n^ynint 


N 


n—l 


1/4 


Therefore, we have shown that the averages converge to 0 in L^{v) when x G X 3 . 

One of the key observations in showing that the case k = 2 implies the case k = 3 was the use of the 
inequality Q . We will show that this can be done for A: > 4. For the following lemma, we will use the 
following notations for our convenience: We shall denote ai = a and a 2 = b. Let hi = {hi,h 2 , ■ ■ ■ ,hi) G 
With this notation, we define the following functions recursively: 


N-(i)=/i'/i°r<>V 

hkl) = /2 ■ /2 ° 

Li(2) — ° 

^2,h{2) ^ ^2,h{l) ■ 

’ ’ ’ r 

y,h{k-l) ^ y,h{k-2) ■ y,h{k-2) ° 'F®iH-i, 

' ' ' / 

^2,h{k-l) ^ ^2,h(h 


I 


■F. 




Lemma 2.1. Let everything as in (a) of Theorem \l.b\ Then for each positive integer k >2, we have 

2 


( 10 ) 


lim sup 

N —^00 


N 




n—l 




H(r) 


/ 1 Hi , Hz 

<fli,fl 2 liminf — E Iminf — ^ ■ 

Hl->oo \^Hi Hz^oo H2 


H. 


liminf —- ^ lim sup sup 

Hjr-l-loo H^-1 /, =1 N->oo feR 


N 


a 2 n \ Inint 




n=l 




Proof. We will show this by using induction. The base case k = 2 has been treated by the estimate (|9|) after 
we let N —)• 00 and H —t 00 . Now suppose the estimate holds when we have A: — 1 terms. By applying 
the van der Corput's lemma and the Cauchy-Schwarz inequality, the left hand side of the estimate (ITOll is 
bounded above by the universal constant depending on ai and 02 times 


lim inf 

Hq^OO 


( 1 Hi 

TT E lim sup 

y-"! Iii = l N-S-oo 


4 E 

n=l 


2,h{k 




i=2 
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and we can apply the inductive hypothesis on this lim sup of the square of the L^-norm and the Cauchy- 
Schwarz inequality to obtain the desired estimate. □ 

Proof of Theorem [Thl f a 1. The set X\ can be obtained from the double recurrence Wiener-Wintner result |5l 
by applying the spectral theorem. For k > 2, we consider a set 

f / 1 1^2 

Xu = i X E X : lim inf -rr- Y lim inf -rr- Y 
I r-r, ^ r-r, ^ 


Hl^oo yHi Hz^co H 2 


1 Hk 

lim inf — - ^ lim sup sup 

Hk^eo N->oo feR 


N 


N ‘ I'M*: 

n—\ 




2-h-i) 


= 0 


We will show that this set is the desired set of full-measure. To show that ff(Xj-) = 1/ we will show that 
the integral 

Hi T Hz 


r / 1 "1 1 

(11) / liminf Y liminf Y ' ' ' 


I Hk-l 

liminf —— ^ lim sup sup 

Hk^l^co Hi^_i n^-oo tcR 


N 




11=1 


2 -h-i) 


dfi = 0 , 


which would show that the averages inside the integral equals zero for jr-a.e. x £ X since the averages are 
nonnegative. To do so, we apply Fatou's lemma and Fielder's inequality to show that the integral above 
is bounded above by 

/ 1 tti 1 tt2 

liminf — Y liminf— Y '' ' 

Hi^oo yHi Hz^oo H2 


1 r 

liminf --— Y / li 

Hk^l^co Hjt_l J 


Hk-1 

lim sup sup 

/2j._l = l N—kco fcR 


N 


N 




n=l 


2 -h-i) 


dji 


Note that the integral above is bounded above by min ^ by the estimate ([ 6 ]). By applying 

lim inf Hy —> 00 for each i = 1,2,... ,k — 1, we conclude that the integral on the left hand side of (flTIl is 
bounded above by the minimum of |||/i |||^+2 or |||/ 2 |||^_i_ 2 . Since either /i or /2 belongs to we 

know that either |||/i 111^+2 = 0 or |||/ 2 |||;t +2 = 0 - Thus, (fTTI) holds, which implies that Y is indeed a set of 
full-measure. 

Now we need to show that if x £ Xj^, then the averages in (j4|) converge to 0 in L^(v). But this follows 
immediately from Lemma [2.II since if x £ Xj^, the right hand side of (ITOl) is 0. □ 


3. When both /i and /2 are in (Proof of (b) and (c) of Theorem II. 6 I 1 

3.1. When one of the functions gi,g 2 , ■ ■ -gk belongs to Zj^{S)^. We first consider the case where either 
one of the functions gi, ■ ■ - rgk belongs to Zj^{S)-^. In fact, we will show that the averages can be bounded 
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by a seminorm on L“(i/). We remark here that B. Host and B. Kra have obtained an estimate sharper 
than the one we provide, using the tools of nilsequences (cf. 1211 Corollary 7.3]). However, the less sharp 
estimate that we provide here is sufficient to prove our claim. We will also achieve this estimate without 
the machinery of nilsequences. 

We prove this for the case (Y, 0, v, S) is an ergodic system, and the general case holds by applying an 
ergodic decomposition on (Y, S). 


Proposition 3.1 (See also: 1211 Corollary 7.3]). Let {Y,G,v,S) is an ergodic system, {an)n S such that 
^ l/o?" n, and functions gi,.. .,gk G L“(v). Then 


( 12 ) 


lim sup 

N—^■oo 


-1 N-1 k 


L^{t 




n=0 i=l 

Proof. We proceed by induction on k. For the case k = 1, we apply van der Corput's lemma and the 
Cauchy-Schwarz inequality to obtain 


lim sup 

N—loo 


T N-1 

^ E ^riSl ° S' 


n—0 


C(r) 


/ 2 4^-1 

- TT + 77 E limsup 

H—fOO \ 11 hi 1 


h^O N^OO 

<liminf I ^+4( [ 

H^oo \ H J 


E anUn+h^ J gl - 81 ° S^dv ^ 

2 \ l/ 2 \ 


^1 • ^1 o s^dv 




which proves the base case. 


Now 


L°°{v), we have 


(13) 


suppose the statement holds for k = I — 1; i.e. we assume that for any {bn)n G and Gi,..., G/_i G 


lim sup 

N—>-00 


d N-1 1-1 

TiLi’'-nc,os‘ 

n =0 1=1 


L 2 (v 


< 2^^^ min i ■ |||G,'|||? 
i<i<l ' 


To prove this for the case k = I, we again apply van der Corput's lemma and the Cauchy-Schwarz 
inequality to obtain 


lim sup 

N^OO 


1 ^ ^ 

T7 E ‘^nllgioS^ 


n=0 i=l 


4 H -1 

< lim inf — lim sup 


h—0 N^co 


H(v) 

/E E a„d„+hYl(gi-gi°S‘^) 

•' n=0 1=1 

— ^ andn+t, n (gi ■ gi ° S''') o 

n=0 1=2 


4 H-1 

< lim inf — lim sup 

H->oo H 
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By setting bn = a„a„^h arid G, = gi-i ■ o for each h, we can apply the inequality flT^ to show 

that 
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lim sup 

N—)-oo 


h N-1 I 

E ‘lnYlgi°S'‘ 

' n=0 1=1 


2/+1 H -1 

< 4 min lim inf —— Y ■ Ri°S 

y,,, “ H /S, 




/ 1 H . 2 ^ 

< min z ■ lim inf I -tt E gi' gi ° 


2<i<l H^oo \ H 


h=0 


To keep |||^i|||/+i, we compute 

N-i l 


lim sup 

N^OO 


1 ~ ^ f 


n=0 1=1 


H-1 


< lim inf — Y lim sup 

“ H^oo H ^ ^ 


<22'+3 inin z-lll^illlf+l 




L2 (v) 

N-1 


/ I JN/-1 , . \ . . 

— E ‘^na„+h n (gi • gi ° ° S^’~’'^^dv 

n=0 l<i<l,i^j 


for a fixed ]. When these estimates are combined, we have 

2 


(14) 

which completes the proof. 


lim sup 

N—loo 


1 N-1 i 

E ^nflgioS"- 


n=0 i=l 


L2(v) 


< 2 '+^ min z ■ 

1<Z</ 


h'lll;+i' 


□ 


With this estimate, Theorem ll. 6 f bl can be proven immediately. 

Proof of (b) of Theorem \1.6\ Set a„ = /i(r“"x)/ 2 (T^"x) in Proposition 13.11 Since /i ,/2 G L°°, there exists a 
set of full-measure Xj- for which fhe sequence a„ G Because one of fhe fimcfions gi,---,gk belongs 
to Zj({S)-^, we must have |||^i|||j- = 0 for one of fhem. Hence, we know from (IT^ fhat the averages must 
converge to 0 in L^(v). □ 


3.2. When all of the functions gi,---,gk belong to 2j^{S). Here we use Leibman's pointwise convergence 
result on nilmanifold to show that the averages converges if all the functions belong to the appropriate 
Host-Kra-Ziegler factors. 


Theorem 3.2 (Leibman, |j24|). Let p{n) be a polynomial sequence in a nilpotent Lie group G. For any x G X = 
G/F for some discrete compact subgroup T, F G C(X), 

2 N 

N-loo N 

exists. 


Using this result, we are now ready to prove the last piece of the main theorem. 
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Proof of (c) of Theorem \1.6\ With appropriate factors maps, we assume {X,fF,}i,T) and {Y,Q,v,S) to be 
nilsystems, i.e. X = Gi/Fj, and Y = G 2 /r 2 , where Gj is a (A: + l)-step nilpotent Lie group, G 2 is a A-step 
nilpotent Lie group , and Lj and r 2 are discrete co-compact subgroups of Gi and G 2 , respectively. In this 
proof, we will assume that /i ,/2 e C{X), and gi,---,gk G By taking the product of and Y^, we 

would have another nilmanifold: 

x^xY^ = (Gi/ri )2 X (G2/r2)'^ ^ (Gf X Gf)/(r? X r|). 


Let T G Gi such that the action of t on an element of X is determined to be t • x = Tx. Similarly, we 
define cr G G2 so that a - y = Sy. We define a pol 5 momial sequence p on X^ x Y^ as follows: 




.kn\ 


Clearly, p[n) G Gj x Gj for all n G Z, and it acts on X^ x Y*^ in a way that 


p{n) ■ {xi,X 2 ,yi,...,yk) = (T“”xi, T^"x 2 , S^i/i,..., S''"i/fc). 


Define a continuous fimction F G C(X^ x Y*^) such that 


k 

F{xi,X2,yi,...,yk) =/i(^i)/2(^2) n^/(y/)' 

7=1 


Theorem 13.21 tells us that the averages 
^ N 

— ^ F{p{n) ■ {xi,X 2 ,yi,...,yk)) 

n—1 


-1 N k 

^E/l(^“”^l)/2(^'”^2)n^7(S^7) 

1'' n=l j=l 


converge for all (xj, X 2 , 1 / 1 ,..., yk) G X^ x Y*^. So in particular, if the averages were taken a point (x, x, y,..., y) G 
X^ X Y^ for any x G X and y ^Y, the desired convergence result holds. 

By a standard approximation argument, we can extend this result for the case /i ,/2 G L°°(y) n Zk+i{T) 
and gi,...,gk G L°° {v) D Zk{S). In this process, we neglect a null-set for which the averages may not 
converge, which allows us to obtain a set of full-measure X[ c X that satisfies (c) of Theorem ll.6l □ 


Remarks 

(1) Recently, the first author armounced in jH that the Wiener-Wintner result obtained in O can be 
extended to a nilsequence Wiener-Wintner result, providing a positive answer to the question 
raised by B. Weiss in 2014 Ergodic Theory Workshop at UNC Chapel Hill. A similar result was 
also recently annoimced by R Zorin-Kranich Il29l . 

(2) Recently, we have extended Theorem 11.51 so that the sequence Un = /i(T“”x)/ 2 (T^”x) is y-a.e. a 
good universal weight for multiple recurrent averages with commuting transformations. More 
precisely, we have shown the following: 
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Theorem ( ^ Theorem 1.1]). Let he a measure-preserving system, and suppose f\,f 2 G 

Then there exists a set of full-measure such that for any x G Xf^j^, for any a,b ^ "Z, and 

any positive integer k > 1, for any other measure-preserving system ivith k commuting transformations 
(Y, g, V, Si, S 2 ,... Sk), and for any gi,g2, ■■■gk^ the averages 

1 N-l k 

Tj E /i(^“^)/ 2 ('^^”^) ° Sr converge in L^{v). 

In other words, in terms of Definition 1 1.21 we have shown that for y-a.e. x 6 X, the sequence 
(/i {T‘‘’'x)f 2 {T^”x))n is a good universal weight for the process (X„)n for norm convergence, where 
{Xn)n is of the form 

Xn=UgioSf, 

1=1 

where gi,g 2 > ■ ■ ■ rgk G L°°{v) for any measure-preserving system with commuting transformations 
(Y, g, V, Si, S 2 ,..., Sk), for any positive integer k > 1. 

References 

[1] I. Assani. Multiple reciirrence and almost sure convergence for weakly mixing dynamical systems. Israel J. Math., 103:111-124, 
1998. 

[2] 1. Assani. Multiple return times theorems for weakly mixing systems. Ann. Inst. Henri Poincare, Probabilites et Statistiques, 36:153- 
165, 2000. 

[3] 1. Assani. Wiener Wintner Ergodic Theorems. World Science Pub Co Inc, May 2003. 

[4] 1. Assani. Pointwise double recurrence and nilsequences. Preprint. Available from arXiv:1504.05732, 2015. 

[5] 1. Assani, D. Duncan, and R. Moore. Pointwise characteristic factors for Wiener-Wintner double recurrence theorem. Ergod. Th. 
and Dynam. Sys., 2015. Available on CJO 2015 doi:10.1017/etds.2014.99. 

[6] 1. Assani and R. Moore. A good universal weight for multiple recurrence averages with commuting transformations in norm. 
Preprint, available on arXiv:1506.05370, June 2015. 

[7] 1. Assani and R. Moore. Extension of Wiener-Wintner double recurrence theorem to polynomials. Available on 
http://www.uiic.6du/matli/Faculty/assaiii/WWDR_poly_final_abSeptl9.pdf submitted, September 2014. 

[8] I. Assani and K. Presser. Pointwise charateristic factors for multiple term return times theorem. Preprint, 2003. 

[9] 1. Assani and K. Presser. Pointwise characteristic factors for the multiterm return times theorem. Ergod. Th. and Dynam Sys., 
32:341-360, 2012. 

[10] 1. Assani and K. Presser. Survey of the return times theorem. In Ergodic Theory and Dynamical Systems: Proceedings of the Ergodic 
Theory Workshops at University of North Carolina at Chapel Hill, 2011-2012, De Gruyter Proc. Math., pages 19-58. De Gruyter, 
Berlin, 2014. 

[11] V. Bergelson, B. Host, and B. Kra with appendix by 1 Ruzsa. Multiple recurrence and nilsequences. Invent. Math., 160:261-303, 
2005. 

[12] J. Bourgain. Return time sequences of dynamical systems. Unpublished preprint, 1988. 

[13] J. Bourgain. Double recurrence and almost sure convergence. /. reine angew. Math., 404:140-161, 1990. 

[14] J. Bourgain, H. Furstenberg, Y. Katznelson, and D. Ornstein. Appendix on return-time sequences. Publ. Math. Inst. Hautes Etudes 
Sci, 69:42^5, 1989. 

[15] A. Brunei. Sur quelques problemes de la theorie ergodique ponctuelle. PhD thesis, 1966. 

[16] A. Brunei and M. Keane. Ergodic theorems for operator sequences. Z. Wahrscheinlichkeitstheorie venv. Geb., 12:231-240, 1969. 


A GOOD UNIVERSAL WEIGHT EOR NONCONVENTIONAL ERGODIC AVERAGES IN NORM 


17 


[17] T. Eisner. Linear sequences on weighted ergodic theorems. Abstr. Appl. Anal., 2013. Art ID. 815726. 

[18] T. Eisner and P. Zorin-Kranich. Uniformity in the Wiener-Wintner theorem for nilsequences. Discrete and Continuous Dynamical 
Systems, 33{8):3497-3516, 2013. 

[19] W. T. Gowers. A new proof of Szemeredi's theorem. Geom. Fund. Anal., 11:465-588, 2001. 

[20] B. Host and B. Kra. Nonconventional ergodic averages and nilmanifolds. Ann. of Math., 161:387-488, 2005. 

[21] B. Host and B. Kra. Uniformity seminorms on and applications. /. Anal. Math, 108:219-276, 2009. 

[22] U. Krengel. Ergodic Theorems. De Gruyter studies in Mathematics, 6. Walter de Gruyter, 1985. 

[23] L. Kuipers and H. Niederreiter. Uniform Distribution of Sequences. John Wiley and Sons, 1974. 

[24] A. Leibman. Pointwise convergence of ergodic averages for polynomial sequence of translations on a nilmanifold. Ergod. Th. and 
Dynam. Sys., 25:201-213, 2005. 

[25] D. Rudolph. Eully generic sequences and a multiple-term return-times theorem. Invent. Math., 131(l):199-228, 1998. 

[26] T. Ziegler. Universal characteristic factors and Eurstenberg averages. /. Amer. Math. Soc., 20(l):53-97, 2006. 

[27] P. Zorin-Kranich. Cube spaces and the multiple term return times theorem. Ergod. Th. and Dynam Sys., 34(5):1747-1760, 2014. 

[28] P. Zorin-Kranich. A double return times theorem. Preprint. Available from arXiv:1506.05748, 2015. 

[29] P. Zorin-Kranich. A nilsequence Wiener-Wintner theorem for bilinear ergodic averages. Preprint. Available from 
arXiv:1504.04647, 2015. 

Department of Mathematics, The University of North Carolina at Chapel Hill, Chapel Hill, NC 27599 

E-mail address: assaniOmath. unc. edu 

URL: http://www.unc.edu/math/Faculty/assani/ 

Department of Mathematics, The University of North Carolina at Chapel Hill, Chapel Hill, NC 27599 
E-mail address: ryomSlive. unc. edu 
URL: http: //ryom. web. unc. edu 


